Abstract QUEST has a divertor configuration with a high and a negative n-index, and the problem of plasma vertical position instability control in QUEST is still under extensive study for achieving high efficiency plasma. The instability we considered is that the toroidal plasma moves either up or down in the vacuum chamber until it meets the vessel wall and is extinguished. The actively controlled coils (HCU and HCL) outside the vacuum vessel are serially connected in feedback with a measurement of the plasma vertical position to provide stabilizing control. In this work, a robust controller is employed by using the loop synthesis method, and provides robust stability over a wide range of n-index. Moreover, the gain of the robust controller is lower than that of a typical proportional derivative (PD) controller in the operational frequency range; it indicates that the robust controller needs less power consumption than the PD controller does.
Introduction
Plasma vertical position instability must be controlled for high performance operation in the Q-shu University Experiment with Steady-State Spherical Tokamak (QUEST). The major plasma parameters of QUSET are I p = 0.3 MA, R 0 = 0.68 m, a = 0.4 m, κ = 1.6, δ = 0.4. There are three magnetic fields related to plasma movement in the vertical direction in a tokamak. They are the magnetic field of the vacuum vessel where eddy currents are induced by plasma movement and plasma current change; the magnetic field of the plasma itself; and the magnetic field of the external actively controlled coils (HCU and HCL) surrounding the vacuum vessel. Fig. 1 shows a cross section of QUEST with its corresponding poloidal field (PF) coils, where HCU and HCL are up-down symmetrically located outside the vacuum vessel with inductance of 1.199 mH and resistance 5.27 mΩ. For elongated crosssection plasma, it can be understood as the effect of a quadrupole field and a dipole field which generates an unstable magnetic curvature, i.e., the n-index is negative. At present, the n-index is a little negative; the vertical instability is stabilized by the vacuum vessel, which plays the role of a passive stabilizing structure. However, in future, when the hot wall is installed inside the vacuum vessel, a high elongation of plasma is required for high performance discharge separation from the hot wall, and the negative n-index means that the plasma is vertically unstable. It requires modern control strategies by considering the specificity of the plasma vertical position instabil-ity control in QUEST when there are no internal stabilizing structures and the external actively controlled coils installed. The key issue of the plasma vertical position instability control is that the controller must stabilize this instability as quickly as possible. Robust control methodologies are becoming more and more acceptable in the nuclear fusion fields, especially for the vertical position instability control [1∼3] . The objective of this paper is to explore the design of a robust controller that stabilizes the vertical position instability in a wide range of negative n-index, and consider the power consumption of the active control coils. The controller is tested through simulations, demonstrating significant performance improvements over the classical proportional derivative (PD) controller. Simulation shows that a loop-shaping controller can successfully stabilize the state-space realization of a plasma-vesselactive coil system in the range of n-index from −0.1 to −0.5.
Vertical position instability modeling
The physical model of a tokamak is a set of circuits with inductances and resistances. The inductances times the current change and the resistance times the current, and both relate to the applied voltage of the circuits. The plasma itself can also be represented by a coil with one turn or multiple coils with their corresponding currents. The vessel is subdivided into 70 vessel toroidal elements that carry their own eddy currents, and different vessel elements have different inductances and resistances. The circuit representations of plasma-vessel-active coil system are:
and
where M pv and M ap are the first derivative of the mutual inductance with the vertical displacement,ż p ,İ v andİ a are the time derivative of plasma position, eddy currents in vacuum vessel, and the active coil current, respectively. L v is the inductance matrix of vacuum vessel, M is the mutual inductance vector and R v is the resistance matrix of vacuum vessel. V a and R a are the applied voltage on active coils and the resistance of active coils. The plasma vertical position is evolved by solving the instantaneous vertical force balance equation:
where m p is the mass of plasma, R 0 is the major radius of plasma, and B r is horizontal magnetic field. If the mass of plasma is neglected, then it actually leads to the result that B r must be zero [4] , that is
where Γ is the Shafranov parameter. Let (4), (1) and (2) can be transformed to
Especially for Eq. (6), let singular value decomposi-
The even modes of γ v can be omitted from Eq. (8). The even mode current distribution is symmetric about the equatorial plane. Therefore, the even mode has no coupling with plasma vertical motion. Only 35 odd modes are kept in the circuit representation, so that the order of Eq. (8) is reduced to 35 from 70 in the case of QUEST. By differentiating Eq. (5) with respect to time and combining with Eqs. (8) and (7), the state-space realization of plasma-vessel-active coils is solved as:
where
It is obvious that the state space variables are
T , system output y and input u are the vertical position of plasma z p and applied active coil voltage V a /I p , in this case, J v , I a and V a are normalized by plasma current I p .
Control strategy
Because the obtained realization has one zero eigen value and 36 negative eigen values, a problem inherited with the state-space realization procedures is that this realization is not minimal, e.g., it is not fully controllable. In order to obtain a minimal realization, which is fully controllable and observable, the Kalman controllability and observability decomposition has to be performed to eliminate the uncontrollable and unobservable states. In the case of QUEST, the number of states is reduced to 36 from 37, and the same input-output characteristic is kept in the operational frequency range.
For the single input single output (SISO) system, PID control with frequency domain analysis is a very mature discipline. This method also makes the system more transparent to input-output relationships. For plasma vertical position instability control, the system is robust if it remains stable and achieves certain performance criteria in the presence of possible uncertainties, such as n-index; the robust controller design is to find a controller, for a nominal system, such that the closed-loop system is robust. The loop-shaping design is applied to obtain the robust controller in this paper.
The fundamental of H ∞ loop-shaping computes a stabilizing H ∞ controller K for the plant G to shape the sigma plot of the loop transfer function GK to get desired loop shape G d with the accuracy γ= GAM. For all ω > ω 0 , the inequalities
must be satisfied, where ω 0 is the 0 dB crossover frequency of the sigma plot of G d (jω) [5] . Loop shaping is a tradeoff between two potentially conflicting objectives concerning with G d , the open-loop gain needs to be maximized to get the best possible performance, but for robustness, the gain below 0dB needs to be dropped where the model accuracy is poor and high gain might cause instabilities. This requires a good model where performance is needed (typically at low frequencies), and sufficient roll-off at higher frequencies where the model is often poor. The frequency, marks the transition between performance and robustness requirements. Actually for QUEST, since fast response is crucial for vertical position instability control, we make G d = 5000/(s + 10), so that crossover frequency ω 0 is 5000 rad/s and the rise time is less than 1 ms for step response, meanwhile an acceptable tradeoff is obtained between the open loop gain and the system robustness.
In order to get the desired open loop, a pre-filter W is calculated to shape the minimal state-space realization [5] , so that the shaped plant G s is square, i.e., the dimension of the input vector of G s is equal to the output vector. The desired shape G d is achieved with good accuracy in the frequency range by the shaped plant [6] . Then Glover-McFarlane introduced normalized coprime factor control synthesis to compute an optimal "loopshaping" controller for the shaped plant G s ; the control block diagram is shown in Fig. 2 . The GloverMcFarlane normalized coprime factor control synthesis on a shaped plant is as follows:
For the shaped plant G s , the coprime factor uncertainty decomposition is shown in Fig. 3 . The left coprime factorization of G s is assumed as:
The realization of the perturbed plant can be described by
where (∆M , ∆Ñ ) are unknown but stable transfer functions that represent the uncertainties and perturbations in the nominal plant model of G s [7] . The design objective of robust stabilisation is to stabilize not only the nominal model G s , but the family of perturbed plants
The lowest achievable value of for all stabilizing controllers K s is
Then a controller that achieves a γ > γ 0 is given in Ref. [6] . Finally the whole controller is obtained by
Simulation and discussion
The controller must be fed with the states to calculate the input. In order to test the output of the feedback controller, simulation is carried out on the whole feedback system by Matlab. By using the loop shaping method, the controller K is obtained, but the order is 27, too high for actual realization. Fig. 4 shows the Hankel singular value decomposition, which provides a measurement of energy for each state in a system of the controller. It indicates that the order of controller can be reduced to 4, where the reduced model retains the important features of the original model. The inequality conditions Eqs. (10) and (11) The nominal system is built on the basis of n-index equal to −0.1. Fig. 6 shows that the original system can be stabilized even if n-index decreases to −0.5; but for step response, while the n-index decreases, the rise time of system increases, which is shown in Fig. 7 , the rise time is 2.7 ms when n-index is −0.5.
Finally, a comparison between a PD controller and a loop shaping controller is carried out: both of them can stabilize the nominal system when n-index is −0.1, and the step response time is 1.2 ms, as shown in Fig. 8 . The Bode diagram in Fig. 9 shows that the gain of the PD controller is greater than that of the loop shaping controller in the whole operational frequency range, which indicates that the PD controller needs more power consumption on active coils. Fig.6 Step response of a variable n-index (color online) Fig.7 Rise time of step response vs. variable n-index (color online) Fig.8 Step response of system stabilized by PD and loop shaping controllers (color online) 
Conclusions
The controllable state-space realization of a plasmavacuum-vessel system is built from the vertical force balance equation and circuit representation. The simulation shows significant improvement of a typical PD controller on controller gain. Though the dead time (time delay) due to digital control is not considered, by using the loop shaping method, a robust controller can stabilize the plasma vertical position instability in a range of n-index. The robust control is developed from the classic state space theory for a system with uncertainties, noises, and disturbances. Furthermore, this robust control strategy not only solves the vertical position instability of QUEST, but also can be taken as a reference for vertical position instability control under common conditions, i.e., the internal actively controlled coils and internal stabilizing shell are installed inside the vacuum vessel.
